In this paper we give algebraic characterizations of the affine 2-space and the affine 3-space over an algebraically closed field of characteristic zero, using a variant of the Makar-Limanov invariant.
Introduction
Let R be a ring and n( 1) be an integer. For an R-algebra A, we use the notation A = R [n] to denote that A is isomorphic to a polynomial ring in n variables over R.
One of the important problems in affine algebraic geometry is to find a useful characterization of an affine n-space. This "Characterization Problem" is closely related to other challenging problems on the affine space like the "Cancellation Problem". For instance, if k is an algebraically closed field of characteristic zero, k [1] is the only one-dimensional UFD with trivial units. This is an algebraic characterization. It immediately solves the Cancellation Problem: A [1] = k [2] =⇒ A = k [1] . If k = C, then the affine line A 1 C is the only acyclic normal curve, a topological characterization. In his attempt to solve the Cancellation Problem, C.P. Ramanujam obtained a remarkable topological characterization of the affine plane C 2 ( [13] ). Later M. Miyanishi ([10] ) obtained an algebraic characterization of the polynomial ring k [2] over an algebraically closed field of characteristic zero, which was used by T. Fujita, M. Miyanishi and T. Sugie ( [6] , [12] ) to solve the Cancellation Problem for the affine plane. Since then, there have been several attempts to give a characterization of k [3] . Remarkable results were obtained by Miyanishi [11] and Kaliman [7] . These results involved some topological invariants. In this paper, we will use a variant of the Makar-Limanov invariant (defined below), to give new algebraic characterizations of k [2] and k [3] .
We first recall the Makar-Limanov invariant and its variant. Let k be a field of characteristic zero and B an affine k-domain. The set of locally nilpotent k-derivations of B is denoted by LN D k (B). We denote the kernel of a locally nilpotent derivation Ker D.
The Makar-Limanov invariant has been a powerful tool for solving some major problems in affine algebraic geometry like the Linearization Problem [5, pp. 195-204] . When k is an algebraically closed field of characteristic zero, the Makar-Limanov invariant also gives a characterization of k [1] , i.e., for an affine k-domain B with tr. deg k B = 1, B = k [1] if and only if M L(B) = k (cf. Theorem 2.7). However, the triviality of the Makar-Limanov invariant alone does not characterize the affine 2-space (i.e., dim B = 2 and M L(B) = k B = k [2] ; cf. Theorem 2.8). In this paper, we show that under the additional condition that B has a locally nilpotent derivation D "with slice" (i.e., 1 ∈ Im(D)), the condition M L(B) = k does imply that B = k [2] (if dim B = 2) and B = k [3] (if dim B = 3 and B is a UFD). In fact, we show that Theorem 2.7 can indeed be extended to dimensions 2 and 3, if we replace the condition "M L(
is an invariant which we define below.
Consider the subset
Then we define 
Our main results are:
Theorem 3.6. Let k be a field of characteristic zero and B a two-dimensional affine k-domain. Then the following are equivalent:
Theorem 4.7. Let k be an algebraically closed field of characteristic zero and B an affine k-domain such that B is a UFD and dim B = 3. Then the following are equivalent:
In Section 2, we recall a few preliminary definitions and results; in Sections 3 and 4, we prove our main theorems on characterizations of k [2] and k [3] respectively. In section 4, we also give a classification of three-dimensional affine factorial domains for which Makar-Limanov invariant and Makar-Limanov-Freudenburg invariant are same and in Section 5 we present a few examples.
Preliminaries

Notation:
By a ring, we will mean a commutative ring with unity. We denote the group of units of a ring R by R * . For a ring A and a non-zerodivisor f ∈ A, we use the notation A f to denote the localisation of A with respect to the multiplicatively closed set {1, f, f 2 , . . . }. We denote the Krull dimension of a ring B by dim B. For integral domains A ⊆ B, the transcendence degree of the field of fractions of B over that of A is denoted by tr. deg A B. Capital letters like X, Y, Z, T, U, V will be used as indeterminates over respective ground rings; thus,
and M L * (B) have been defined in Section 1.
Definitions:
A subring A of an integral domain B is defined to be inert in B if, given non-zero f, g ∈ B, the condition f g ∈ A implies f ∈ A and g ∈ A. One can see that an inert subring of a UFD is a UFD and intersection of inert subrings is again inert. If A is an inert subring of B, then A is algebraically closed in B; further if S is a multiplicatively closed set in A then S −1 A is an inert subring of S −1 B.
A non-zero locally nilpotent derivation D on B is said to be reducible if there exists a non-unit b ∈ B such that DB ⊆ bB; otherwise D is said to be irreducible.
We say two locally nilpotent derivations D 1 and
An affine k-domain B is defined to be rigid if it does not have any non-zero locally nilpotent derivation. We shall use the following necessary and sufficient criterion, due to Nagata, for an integral domain to be a UFD [9, Theorem 20.2].
Lemma 2.1. Let R be a Noetherian domain. If there exists a prime element x in R such that R x is a UFD, then R is a UFD.
We now quote a well-known result (for a reference, see the proof of [5, Lemma 2.8]). Lemma 2.2. Let k be an algebraically closed field of characteristic zero and C be an affine UFD over k of dimension one.
Let k be a field of characteristic zero, B a k-domain and D an element of LN D k (B) with a local slice r ∈ B. Let t = D(r) . The Dixmier map induced by r is defined to be the k-algebra homomorphism π r : B → B t , given by
The following result is known as the Slice Theorem [5, Corollary 1.22]. The following result ensures that LN D * k (B) = φ whenever B is a two-dimensional factorial affine domain over an algebraically closed field k of characteristic zero with
Lemma 2.5. Let k be an algebraically closed field of characteristic zero and B an affine k-domain such that B is a UFD and dim B = 2. Then every non-zero irreducible element of LN D k (B) has a slice.
We now state an important result for rigid domains by Crachiola and MakarLimanov [2, Theorem 3.1].
Theorem 2.6. Let A be a domain which is either finitely generated as a ring or finitely generated over a field k.
The following result gives a characterization of k [1] in terms of the Makar-Limanov invariant [1, Lemma 2.3].
Theorem 2.7. Let k be a field of characteristic zero and A an affine k-domain with tr. deg k A = 1 such that k is algebraically closed in A. Then A = k [1] if it has a non-zero locally nilpotent derivation.
We now recall a result on the Makar-Limanov invariant of Danielewski surfaces [5, Theorem 9.1].
Theorem 2.8. Let k be an algebraically closed field of characteristic zero and B :=
. Let x be the image of X in B. Then the following hold:
3 A characterization of k [2] In this section we will describe an algebraic characterization of k [2] over a field k of characteristic zero (Theorem 3.7). We also investigate properties of a two-dimensional
. We first begin with a few general lemmas.
Lemma 3.1. Let k be a field of characteristic zero, C an affine k-domain such that C is not rigid and
Proof. Since C is not rigid, C has a non-zero locally nilpotent derivation, say D.
We have the following result on the equality of M L(B) and M L * (B) for affine domains of dimension greater than one. 
Lemma 3.3. Let k be a field of characteristic zero and B an affine k-domain such that B is an almost rigid ring. Then the following are equivalent:
(II) There exist a k-subalgebra C of B such that C is rigid and B = C [1] . 
(ii) If tr. deg k M L(B) = 1, then B is almost rigid and there exists a k-subalgebra C of B such that C is rigid and B = C [1] .
where L is the algebraic closure of k in B.
Proof. (i) Nothing to prove. (ii) Follows from Lemmas 3.2 and 3.3. (iii)
Replacing L by k we may assume that k is algebraically closed in B. Then we have M L(B) = M L * (B) = k. Since M L * (B) = B, by Theorem 2.3, there exists a one-dimensional subring C of B such that B = C [1] . Now C is not rigid, otherwise by Theorem 2.6,
Hence, by Theorem 2.7, C = k [1] . Thus B = k [2] .
As a consequence of Lemma 3.4 and Proposition 3.6, we have the following characterization of the affine 2-space. Theorem 3.7. Let k be a field of characteristic zero and B a two-dimensional affine k-domain. Then the following are equivalent:
Proof. Clearly (I) ⇒ (II) ⇒ (III). We now show that (III) ⇒ (I). Since M L * (B) = B, by Lemma 3.4 we have M L * (B) = M L(B) = k. As k(= M L(B)) is algebraically closed in B, by Part (iii) of Proposition 3.6, we have B = k [2] .
4 A characterization of k [3] In this section we will describe an algebraic characterization of k [3] over an algebraically closed field k of characteristic zero (Theorem 4.5). We also investigate properties of a three-dimensional affine k-domain (say B) over an algebraically closed field of characteristic zero for which M L(B) = M L * (B).
We first state a result for a polynomial ring in two variables over a one-dimensional affine UFD.
Lemma 4.1. Let k be an algebraically closed field of characteristic zero, R a onedimensional affine UFD and B := R [2] . Then either B = k [3] or M L(B) = R.
Proof. By Lemma 2.2, R
= k[t, 1 p(t) ] where k[t] = k [1] and p(t) ∈ k[t] \ {0}. Now, either p(t) ∈ k or p(t) / ∈ k. If p(t) ∈ k, then R = k [1] and B = k [3] . If p(t) / ∈ k, then M L(B) = R since p(t) ∈ M
L(B) and M L(B) is an inert subring of B.
The next result shows that if a three-dimensional affine UFD B admits two nonzero distinct locally nilpotent derivations with slices, then there exists a k-subalgebra R of B, such that B = R [2] . Example 5.7 shows that such a result does not extend to a four-dimensional affine UFD. Lemma 4.2. Let k be an algebraically closed field of characteristic zero and B an affine k-domain such that B is a UFD and dim B = 3. If B admits two non-zero distinct locally nilpotent derivations with slices, then there exists a k-subalgebra R of B, such that R is a UFD and B = R [2] .
Proof. Let D 1 and D 2 be two non-zero distinct locally nilpotent derivations of B with slices
is an inert subring of the UFD B, C 1 is a UFD. As C 1 is not rigid, by Lemma 2.5, C 1 has a locally nilpotent derivation with a slice and therefore by Theorem 2.3, C 1 = R [1] for some k-subalgebra R of C 1 . Hence B = R [2] . As R is an inert subring of the UFD C 1 , R is a UFD.
The following result describes a classification of three-dimensional factorial affine domains B for which M L(B) = M L * (B). [1] for some affine k-subalgebra C of B, where C is a rigid ring and a UFD.
, then there exists a k-subalgebra S of B such that S is rigid, S is a UFD and B = S [2] . Moreover, there exists t ∈ B, such that S = k[t,
Proof. (i) Nothing to prove.
(ii) Follows from Lemmas 3.2 and 3.3. Now suppose tr. deg k M L(B) ≤ 1. Then B admits two non-zero distinct locally nilpotent derivations of B with slices. Hence, by Lemma 4.2, there exists a onedimensional k-subalgebra S of B such that B = S [2] . Since B is a UFD, S is a UFD. [3] and hence S = k [1] . Hence, by Theorem 2.7, S is rigid, and by Lemma 2.2, there exists t ∈ B such that S = k[t,
Hence by Lemma 4.1, B = k [3] .
The following result shows that for a three-dimensional factorial affine domain over an algebraically closed field, the equality of M L(B) and M L * (B) holds whenever M L * (B) = B.
Lemma 4.4. Let k be an algebraically closed field of characteristic zero and B an affine k-domain such that B is a UFD and dim
then the result follows from Lemma 3.2. Now suppose tr. deg k M L * (B) = 1. Then, by Lemma 4.2, there exists a k-subalgebra R of B such that R is a one-dimensional UFD and B = R [2] . Thus M L * (B) ⊆ R. As both M L * (B) and R are algebraically closed in B and have the same transcendence de-
We now state our main result.
Theorem 4.5. Let k be an algebraically closed field of characteristic zero and B an affine k-domain such that B is a UFD and dim B = 3. Then the following are equivalent:
Proof.
. Now by Part (iv) of Proposition 4.3, B = k [3] . Note that Theorem 4.5 shows that Question 4.7 has negative answer when k is an algebraically closed field and B is a UFD. If the answer to Question 4.7 is negative in general then the implication (III) =⇒ (II) will hold in Theorem 4.5 even without the additional hypotheses that "k is an algebraically closed field" and "B is a UFD".
Some examples
In this section we shall present some examples to illustrate the hypotheses of the results stated earlier. The following example shows that both the hypotheses "k is algebraically closed" and "B is a UFD" are needed in Theorem 4.5. (i) If k is an algebraically closed field, then B is not a UFD.
(iv) B = k [3] .
Thus the conditions (II) and (III) of Theorem 4.5 hold but not (I).
Proof. Let x, y and z denote the images in B of X, Y and Z respectively.
(i) One can see that x is an irreducible element of B. Now if k is an algebraically closed field, then clearly x is not a prime element in B.
(ii) Suppose k = R. Then x is a prime element in B and since
) is a UFD, we have B is a UFD by Lemma 2.1.
(iii) Consider the two locally nilpotent k-derivations on B, say D 1 and D 2 given by
Let A i = Ker D i for i = 1, 2. Then by Theorem 2.3,
We now show that 
Comparing the coefficients of T n from the two expressions, we have (−1) n a n (x) = (−1)
y ] = k (since x and y are algebraically independent over k). Again, comparing the coefficients of z n from the two expressions, we have
Hence n = 0 and consequently α ∈ k. Thus M L * (B) = k.
(iv) Letk denote the algebraic closure of k. Then B kk is not a UFD by (i). Hence B = k [3] .
We now present examples of affine domains B for which M L(B) M L * (B) = B. We first present an example for dim B = 2. By Corollary 3.5, such an example is not possible for two-dimensional factorial affine domains. 
. Let x denote the image of X in B. B is not a UFD (since x is irreducible but not a prime in B). We have Theorem 3.7 (since B = k [2] ).
and B is an almost rigid ring by Theorem 2.8(ii) but M L * (B) = B by Theorem 2.3 (since B = k [2] ).
We now present examples of three-dimensional affine UFD B for which M L * (B) = B but M L(B) M L * (B). In the three examples tr. deg k M L(B) is two, one and zero respectively.
and B :=
. It has been proved by D.R. Finston and S. Maubach that B is an almost rigid UFD of dimension 3 and [3] (since the Whitehead group K 1 (B) = k * ) and it follows from Theorem 4.5 that M L * (B) = B.
We now present an example which shows that Theorem 4.5 does not extend to a four-dimensional affine regular UFD, i.e., a four-dimensional affine UFD B need not be k [4] , even when M L( B) = M L * ( B) = k. We will follow the notation of Example 5.5. Hence i A i = k. Thus M L * ( B) = M L( B) = k. But B = k [4] (for instance, K 1 ( B) = K 1 (B) = k * ).
